between them and key polynomials of Mac Lane -Vaquié. Associated to each abstract key polynomial Q, we define the truncation µ Q of µ with respect to Q. Roughly speaking, µ Q is an approximation to µ defined by Q. This approximation gets better as deg x Q and µ(Q) increase. We also define the notion of an abstract key polynomial Q ′ being an immediate successor of another abstract key polynomial Q (in this situation we write Q < Q ′ ). The main comparison results proved in this paper are as follows:
Theorem 23: An abstract key polynomial for µ is a Mac Lane -Vaquié key polynomial for the truncated valuation µ Q .
Theorem 26: If Q < Q ′ are two abstract key polynomials for µ then Q ′ is a Mac LaneVaquié key polynomial for µ Q .
Theorem 27 which, for a monic polynomial Q ∈ K[x] and a valuation µ ′ of K(x), gives a sufficient condition for Q to be an abstract key polynomial for µ ′ . Combined with Proposition 1.3 of [9] , this describes a class of pairs of valuations (µ, µ ′ ) such that Q is a Mac Lane -Vaquié key polynomial for µ and an abstract key polynomial for µ ′ . This can be regarded as a partial converse to Theorem 26. This paper is structured as follows. In §2 we define the Mac Lane -Vaquié and the abstract key polynomials and study their properties. In §3 we prove our main comparison results stated above.
Preliminaries and notation
Throughout this paper, N will denote the non-negative integers, N * the strictly positive integers. For a field L, the notation L * will stand for the multiplicative group L \ {0}.
• Let R be a domain, K the field of fractions of R, µ a valuation of K with value group Γ and α ∈ Γ. We define: (1) P α (R) := {x ∈ R such that µ(x) ≥ α} (2) P α + (R) := {x ∈ R such that µ(x) > α} (3) gr µ (R) := α∈Γ Pα(R) P α + (R) (4) G µ := gr µ (K) (5) For each f ∈ R such that µ(f ) = α, we denote by in µ (f ) the image of f in Pα(R) P α + (R)
; we call this image the initial form of f with respect to R and µ.
• Let K ֒→ K(x) be a purely transcendental extension of K. Let Q be a monic polynomial in K [x] . Every polynomial g ∈ K[x] can be written in a unique way as
with all the g j ∈ K[x] of degree strictly less than deg(Q). We call (1.1) the Qexpansion of g.
. We put
µ(g j Q j ) and we call µ Q the truncation of µ with respect to Q.
• Let µ be a valuation of the field K(x), where x is an algebraically independent element over a field K. Consider the restriction of µ to K [x] . Consider a monic polynomial
. Assume that µ Q is a valuation (below we will define the notion of abstract key polynomial and will show that µ Q is always a valuation in that case). Fix another
We denote by In Q f the element
2. Key Polynomials 2.1. Key polynomials of Mac Lane-Vaquié. We first recall the notion of key polynomial, introduced by Vaquié in [9] , generalizing an earlier construction of Mac Lane [4] .
We say that f and g are µ-equivalent and we write f ∼ µ g if f and g have the same initial form with respect to K and µ.
Remark 3. The polynomials f and g are µ-equivalent if and only if
Furthermore, (2.1) says that f and g agree modulo
We say that g is µ-divisible by f or that f µ-divides g (denoted by f | µ g) if the initial form of g with respect to µ is divisible by the initial form of f with respect to µ in gr µ K[x].
Remark 5. We have f | µ g if and only if there exists c ∈ K[x] such that g ∼ µ f c.
be a monic polynomial. We say that Q is a Mac Lane-Vaquié key polynomial for the valuation µ if the following conditions hold:
Proof. Assume that in µ P is reducible in gr µ K[x], aiming for contradiction. Write in µ P = in µ g in µ h with µ(g), µ(h) > 0.
We have P | µ gh, but P ∤ µ g and P ∤ µ h. This contradicts the µ-irreducibility of P . The Proposition is proved.
Remark 8. Assume that every homogeneous element of gr µ K[x] admits a unique decomposition into irreducible factors. Then Q is µ-irreducible if and only if its initial form with respect to µ is irreducible.
We now introduce an alternative, though closely related notion of key polynomials.
2.2. Abstract key polynomials. We keep the same notation as in 2.1, and we add the following:
(1) For each strictly positive integer b, we write
, let b(P ) := min I(P ) where
. We say that Q is an abstract key polynomial for µ if for each polynomial f satisfying
Proposition 10. Let t ≥ 2 be an integer, Q an abstract key polynomial and P 1 , . . . ,
of degrees strictly less than deg(Q). Let
Proof. We proceed by induction on t. First, consider the case t = 2. We want to show that
Assume the contrary, that is, µ(P 1 P 2 ) ≥ µ(qQ) and µ(r) ≥ µ(qQ). For each j ∈ N * , we have µ(∂ j P 1 ) > µ(P 1 )−jǫ µ (Q), and similarly for P 2 , q, r, because all these polynomials have degree strictly less than deg(Q) and Q is an abstract key polynomial. Since µ(∂ j q) > µ(q) − jǫ µ (Q) for all strictly positive integers j, we deduce that
On the other hand,
, which gives the desired contradiction. We have proved that µ(P 1 P 2 ) = µ(r) < µ(qQ), so the Proposition holds in the case t = 2.
Assume, inductively, that t > 2 and that the Proposition is true for t − 1.
Let P = q 1 Q+r 1 and r 1 P t = q 2 Q+r be the Euclidean divisions by Q of P and r 1 P t , respectivly.
Note that q = q 1 P t + q 2 . By the induction assumption, we have µ(r 1 ) = µ(P ) < µ(q 1 Q),
. By the case t = 2 we have µ(r 1 P t ) = µ(r) < µ(q 2 Q).
Definition 11. Let Q be an abstract key polynomial for µ, g an element of K[x] and
Proposition 12. If Q is an abstract key polynomial, then µ Q is a valuation.
Proof. First, for any polynomials f and g, we have
We want to show that
If both f and g have degree strictly less than deg(Q), we have
Next, let i, and j be two non-negative integers. Let f i and g j be two polynomials of degree strictly less than deg(Q) and let
. By definition of µ Q and (2.4) we have
which proves the equality (2.
It remains to show the equality (2.3) for arbitrary polynomials
It is sufficient to consider the case when all the terms in the Q-expansion of f have the same value and similarly for g. In other words, we may replace f and g by In Q f and In Q g, respectively. By (2.2), (2.5) and the distributive law, we have
It remains to show that (2.6) is, in fact, an equality. Let n 0 := min S Q (f ) and m 0 := min S Q (g). We denote by
Hence the Q-expansion of In Q (f )In Q (g) contains the term rQ n 0 +m 0 , which, by Proposition 10, is of value
. This completes the proof.
. It follows from the t = 2 case of Proposition 10 that G <α is closed under multiplication, so it is, in fact, a ring. The ring G <α embeds into gr µ K[x] by the natural map which sends in µ Q f to in µ f for each polynomial f of degree strictly less than α. We have
Lemma 14. For every polynomial f ∈ K[x] and every b ∈ N * we have
It is enough to show the result for f = f j Q j . Indeed, if we have the result in this case, then
This proves the Lemma with f replaced by f j .
We have
To finish the proof of the Lemma, it remains to show that if we have the result for two polynomials f and g, we have the result for the product f g. Let us suppose that we have the result for two polynomials f and g.
Then,
This completes the proof.
Proposition 15. Let the notation be as in Definition 11. If S Q (g) = {0} then there exists b ∈ N * such that
Proof. First, replacing g by In Q (g) = j∈S Q (g) g j Q j does not change the problem. We want to
show the existence of a strictly positive integer b such that
Let
Lemma 16. We have ∂ b g = urQ l−p e + Q l−p e +1 R + S, where:
(1) r is the remainder of the Euclidean division of
Proof. First, let us show that the Lemma holds for g = g l Q l and that for every integer
Let us prove these two statements together.
bs)
. where
are certain integers whose exact values can be found in [2] . Here by "integer" we mean an element of the image of the natural map N → K, that is, an element of N or F p depending on whether the characteristic of K is 0 or p > 0.
) and
If j = l, the number of times the term
Performing the Euclidean division of
) by Q, we obtain
We are now in the position to calculate ∂ b g:
. This completes the proof of the Lemma.
Next, in view of Lemma 14, we have
Hence the Q-expansion of ∂ b g contains the term urQ l−p e and terms wich either are divisible by Q l−p e +1 or have value greater than µ Q (g) − bǫ µ (Q). To complete the proof of the Proposition, it is sufficient to show that µ Q (urQ
Remark 17. It can be shown that the implication of Proposition 15 is, in fact, an equivalence. This will be accomplished in a forthcoming paper.
Corollary 18. Let Q be an abstract key polynomial and f ∈ K[x]. Suppose that there exists an integer b ∈ N * such that
. This means that
Proposition 20. Let Q and Q ′ be abstract key polynomials such that
Proof. First, we show that
, since Q is an abstract key polynomial and ǫ µ (Q) ≤ ǫ µ (Q ′ ). Let us suppose that µ Q ′ (Q) < µ(Q). Then S Q ′ (Q) = {0}. In view of Proposition 15 and Corollary 18, we have ǫ µ (Q) > ǫ µ (Q ′ ), which is a contradiction.
f j Q j be the Q-expansion of f . For each integer j ∈ {0, . . . , s}, we have
Let us now suppose that
Proposition 21. Let f 1 , . . . , f r ∈ K[x] be polynomials and let n := max
Then there exists an abstract key polynomial Q of degree less than or equal to n such that for each integer i ∈ {1, . . . , r}, we have µ Q (f i ) = µ(f i ).
Proof. First, we show that it is sufficient to prove the Proposition for r = 1.
Indeed, suppose the Proposition proved when there is just one polynomial and suppose r > 1. Hence we can find Q 1 , . . . , Q r abstract key polynomials of degrees less or equal than n such that for each integer i ∈ {1, . . . , r}, we have µ
Renumbering the Q i , if necesssary, we may assume that ǫ µ (Q r ) ≥ ǫ µ (Q i ) for every integer i ∈ {1, . . . , r}. By Proposition 20, we have, for each i ∈ {1, . . . , r}, µ Qr (f i ) = µ(f i ).
Let us show the case r = 1. We argue by contradiction. Suppose that there exists a polynomial f such that for every abstract key polynomial Q of degree less than or equal to deg x (f ), we have µ Q (f ) < µ(f ). Choose f of minimal degree among the polynomials having this property.
Claim. There exists an abstract key polynomial Q of degree less than or equal to deg x f such that
* . Indeed, let s = deg x f , so that for each integer j strictly greater than s, we have ∂ j f = 0. By the minimality assumption on deg x f , for each i ∈ {1, . . . , s} there exists an abstract key polynomial
Take an i ∈ {1, . . . , s} such that ǫ µ (Q i ) = max 1≤j≤s {ǫ µ (Q j )}. Then, in view of Proposition 20,
, and the Claim follows. Now, we have µ Q (f ) < µ(f ), so in particular S Q (f ) = {0}, and for each
In view of Proposition 15 and Corollary 18, we have (2.7)
We claim that the last inequality is true for every abstract key polynomial of degree less than or equal to deg x f . Indeed, let us take Q ′ an abstract key polynomial of degree less than or equal to deg x f . We have two cases.
First case:
. By definition of the abstract key polynomials, there exists an abstract key polynomial Q ′ of degree less than or equal to deg x f such that ǫ µ (f ) ≤ ǫ µ (Q ′ ). This is a contradiction.
3.
The relationship between the abstract and the Mac Lane-Vaquié key polynomials.
The aim of this section is to study the relationship between the abstract and the Mac Lane-Vaquié key polynomials.
Definition 22. Let Q and Q ′ be two abstract key polynomials such that ǫ µ (Q) < ǫ µ (Q ′ ). We say that Q ′ is an immediate successor of Q and we write
Theorem 23. Let Q be an abstract key polynomial for µ. Then Q is a Mac Lane -Vaquié key polynomial for µ Q .
Proof. We have to prove two things:
Statement 1 is nothing but Proposition 19. Now we are going to show the statement 2. We assume that Q | µ Q r, We want to show that deg x r ≥ deg x Q.
By assumption, there exists c such that
. Since in µ Q Q is transcendental over L, we have
Let r = n j=0 r j Q j be the Q-expansion of r. By the algebraic independence of in µ Q Q over L (and hence, a fortiori , over G <α ), we have in
this shows that n ≥ 1. We obtain
Lemma 24. Let Q and Q ′ be two abstract key polynomials for µ such that
Proof. In view of Lemma 14, we have
, which gives the desired contradiction.
Proposition 25. Let Q and Q ′ be two abstract key polynomials for µ. The following conditions are equivalent:
(
and Q ′ is of minimal degree with respect to this property.
Proof. (2)=⇒(1). Let us assume that µ Q (Q ′ ) < µ(Q ′ ) and that Q ′ is of minimal degree minimal for this property. Then S Q (Q ′ ) = {0} and for each strictly positive integer b, we have
If there exists a key polynomial Q ′′ satisfying ǫ µ (Q) < ǫ µ (Q ′′ ) of degree strictly smaller than deg x Q ′ , by Lemma 24 we would have µ Q (Q ′′ ) < µ(Q ′′ ), which would contradict the minimality assumption on the degree of Q ′ . This proves (1) . (1)=⇒ (2) . Let us assume that Q < Q ′ . By Lemma 24, this implies that
′ , take such a Q ′′ of minimal degree. By the implication (2)=⇒(1) of the Proposition we would have ǫ µ (Q) < ǫ µ (Q ′′ ), which would contradict the minimality assumption on the degree of Q ′ . This proves (2).
Theorem 26. Let Q and Q ′ be two abstract key polynomials for µ such that Q < Q ′ . Then Q ′ is a Mac Lane -Vaquié key polynomial for µ Q .
′ is µ Q -minimal. First we show 1. Let α = deg x Q. By Remarks 8 and 13, it is sufficient to show that
be the natural map which sends in µ Q (f ) to in µ (f ) for every polynomial f . The map ϕ maps G <α isomorphically onto its image in gr µ K [x] . The map ϕ is not injective if and only if there exists a polynomial f such that µ Q (f ) < µ(f ). In view of Proposition 25, we have this property for f = Q ′ ; in particular, in µ Q (Q ′ ) ∈ Ker(ϕ). We claim that Ker(ϕ) is a principal prime ideal, generated by in µ Q (Q ′ ). Indeed, take any polynomial f such that in µ Q f ∈ Ker(ϕ) and let
. Then, if in µ Q (r) = 0 we have in µ Q (r) ∈ Ker(ϕ) and so µ Q (r) < µ(r), which contradicts the minimality of the degree of
. This completes the proof of 1. Now we show 2. Assume that Q ′ | µ Q r. We want to show that deg
. Hence r ∈ Ker(ϕ). In other words, µ Q (r) < µ(r). On the other hand, we know that µ Q (Q ′ ) < µ(Q ′ ) and that Q ′ is of minimal degree for this property in view of Proposition 25. By the minimality of deg x (Q ′ ), we get the result.
Theorem 27. Fix a monic polynomial Q ∈ K[x]. Let µ ′ be a valuation of K(x) such that: 1. For each f of degree strictly less than deg(Q), we have µ
Proof. Assume that Q is not an abstract key polynomial for µ ′ . Then there exists a monic polynomial g such that
We can choose g of minimal degree for this property, and hence g is an abstract key polynomial.
Thus there exists an abstract key polynomial g such that ǫ µ ′ (g) ≥ ǫ µ ′ (Q) and deg(g) < deg(Q).
Since every derivative of Q has degree strictly smaller than deg(Q), we have
By Proposition 21, replacing g by another abstract key polynomial with larger ǫ µ , if necessary, we may assume, in addition, that
Q) for all strictly positive integers b (at this point, the abstract key polynomial g still satisfies (3.2) and (3.3) but we may no longer have the condition that g is of minimal degree for this property).
We claim that for each polynomial h, we have Recall that if Q = s j=0 Q j g j is the g-expansion of Q, we denote S g (Q) = j ∈ {0, . . . , s} µ
which is a contradiction. We have proved that S g (Q) = {0}.
By Proposition 15, there exists a strictly positive integer b such that
By virtue of (3.4) we obtain ǫ µ ′ (g) =
, we have
which is a contradiciton. Hence Q is an abstract key polynomial for µ ′ .
Proposition 28. ( [9] , Proposition 1.3) Let Q be a Mac Lane -Vaquié key polynomial for the valuation µ. Then there exists a valuation µ ′ such that:
(1) For each f of degree strictly less than deg(Q), we have µ ′ (f ) = µ(f ) (2) µ ′ (Q) > µ(Q).
Corollary 29. Let Q be a Mac Lane -Vaquié key polynomial for the valuation µ. Then it is an abstract key polynomial for any valuation µ ′ satisfying the conclusion of Proposition 28.
